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Abstract 

Let F : C" — >■ C" be a polynomial map with degF = d > 2. We prove 
that F is invertible if m = n and X^fr/(i7-F)|Qi is invertible for all i, 
which is trivially the case for invertible quadratic maps. 

More generally, we prove that for afRne lines L — {P + fi'y \ fi £ C} 
C" (7 / 0), F\l is linearly rectifiable, if and only if Eti ■ 7 / 

for all Ui G L. This appears to be the case for all afhne lines L when F is 
inject ive and d < 3. 

We also prove that if m = n and X]"=i(>7J')|ai is invertible for all 
ai £ C", then F is a composition of an invertible linear map and an in- 
vertible polynomial map X + H with linear part X, such that the subspace 
generated by {{JH)\a \ a G C"} consists of nilpotent matrices. 

Keywords: Jacobian matrices, Jacobian conjecture, polynomial embedding, 
linearly rectifiable 
MSC(2000): 14R10, 14R15 



1 Introduction 



Denote by J'F the Jacobian matrix of a polynomial map F : C" — s- C". The 
Jacobian conjecture states that F is invertible if JJF is invertible, or equivalcntly 
if {J'F)\a is invertible for all a G C". The conjecture has been reduced to 
polynomial maps of the form F ^ X + H , where H is homogeneous (of degree 3) 
and JJH is nilpotent, by Bass, Connell and Wright in and independently by 
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Yagzhev in [T3] . Subsequent reductions are to the case where for the polynomial 
map F = X + H above, each component of is a cube of a linear form, by 
Druzkowski in [7], and to the case where J^H is symmetric, by De Bondt and 
Van den Essen in [5] , but these reductions cannot be applied simultaneously, see 
also [3] . More details about the Jacobian conjecture can be found in [S] and [1] . 

Invertibility of a polynomial map F has been examined by several authors 
under certain conditions on the evaluated Jacobian matrices {J"F)\a, a G C". 
With an extra assumption that F — X is cubic homogeneous, Yagzhev proved 
in [13] that if iJF)\a, + {JF)\a^ is invertible for all ai,a2 G C", then the 
polynomial map F is invertible. The Jacobian matrix J^H of a polynomial 
map H is called strongly nilpotent if (J'ir)!^^ • (^yT?)!^^ {>JH)\a^ = for 
all ai G C". Van den Essen and Rubbers proved in [9] that JH is strongly 
nilpotent if and only if there exists T S G'L„(C) such that T~^J{H)T is 
strictly upper triangular, if and only if the polynomial map F = X + H is 
linearly triangularizable (so F is invertible). This result was generalized by Yu 
in [Tl] , where he additionally observed that JH is already strongly nilpotent if 
{JH)U^ ■ iJH)\a, {JH)Ur. = for some m € N. 

In [11], Sun extended the notion of strong nilpotency and proved that a 
polynomial map F = X -\- H is invertible if the Jacobian matrix J^H is additive- 
nilpotent, i.e. X]i=i(»^^)Ui nilpotent for each positive integer m and all 
ai e C", which generalizes results in [MT^HT^ . Instead of looking at polynomial 
maps F = X + H such that J'H is nilpotent, we look at polynomial maps F 
in general, and assume that detJ2'iZi {'^P)\ai for Q!j S C!", where 
d = degF. More generally, we only assume that "^iZi {J'F)\a- • 7 7^ and only 
for ai £ C" which are coUinear, where 7 7^ is the direction of the line. 

Observe that if _F = X + _ff is a polynomial map such that J^H is additive- 
nilpotent, then invertible for all m € N and all ai G C", where 

F = Li o F o L2 is a composition of F and invertible linear maps Li and L2. 
Conversely, it is interesting to describe the polynomial maps such that sums 
of the evaluated Jacobian matrices arc invertible. In this paper, we first prove 
that a polynomial map F of degree d is invertible if X)f=/(>^-^)Ui invertible 
for all ai G C". This generalizes results of Wang in [H], Yagzhev in [T^, Van 
den Essen and Hubbers in [9] and Sun in [11| . Then we prove the invertibility 
of a polynomial map F such that '^"^i{J^F)\a- is invertible for all ai £ C", 
and finally characterize such a polynomial map as a composition of an invertible 
linear map and an invertible polynomial map X + H such that J^H is additive- 
nilpotcnt. 

2 Additive properties of the derivative on lines 

Lemma 2.1. Assume Xi, X2, . . . , Xd-i £ C such that X^ie/ -^i 7^ Z*"" '^^^ 
nonempty I C {1, 2, . . . ,d — 1}, and P £ C[[T]] with constant term Ai + A2 + 
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■ ■ ■ + Xd-1- Then there are ri , ^2 , . . . , r^- 1 G C such that 

d-l 

P - ^ A, cxp(r,T) 
1=1 

is divisible by T'^ , where exp(T) — X^j^o JT-^"' ' 
Proof. Write 

3=0 

Then we must find a solution (li, 1^2, • ■ • , Yd-i) = (ri, r2, . . . , r^^i) e C''^^ of 

d-l 

^A.y/=p, (j=0,l,...,d-l) (2.1) 



The equation for j = is fulfilled by assumption, and finding a solution of (|2.ip 
is the same as finding a solution (Yi, 1^2, • ■ • , ^d) = (^ij ''2, ■ • ■ ) ''d) of 

Y^X,Yf^p,Yj (j = l,...,d-l) (2.2) 

1=1 

for which rd = 1. Since {Yi,Y2, . . . ,Yd) = is a solution of (j2.2|) . it fol- 
lows from Krull's Height Theorem that the dimension of the set of solutions 
(ri, r2, . . . , rd) G of (|2.2p is at least one. Hence there exists a nonzero solu- 
tion {ri,r2,...,rd) G C of (E^). 

If 7^ 0, then r^^(ri, r2, . . . , r^) is a solution of (|2.2p as well, because the 
equations of (j2.2p are homogeneous. Hence f^^(?'i, ?'2: ■ • ■ : ''d-i) is a solution 
of p.ip in that case. So assume that rd = 0. Then X^fji^ = foi" 
Take e < d — 1 and nonzero si < S2 < • ■ ■ < Se such that {0, ri, r2, . . . , r^-i} = 
{0, si, S2, ■ • ■ , Se}- Then e > 1 because (ri, r2, . . . , r^) ^ 0, and 

d-l e 



1=1 fc=l ri=Sk 

for all J such that 1 < j < e. This means that the vector v defined hy Vk '■= 
=sfc ^ satisfies Mu = 0, where M is the Vandermonde matrix with 

entries Mjk = s^. Since u^- is nonzero by assumption for all fc, this contradicts 
detAfT^O. □ 

Let / G C[X] = C[Xi, X2, . . . , Xn] be a polynomial of degree d and /3, 7 G C". 
Set g{T) := /(/? + T-/) and Z? := J27=i nScr Notice that T £> induces an 
isomorphism of C[T] and C[D]. By the chain rule, 

^(/(/3-Hr7)) = ^((^./)U+T.-7) 
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-{{Df){f3 + Tj))^{D^f){(3 + T^) 



follows for alH e N by induction on i. Using the Taylor series at of 5, we see 
that for all c e C, 



/(/3 + C7) = .g(c) = 



{c-oy 



dT 



-9{T) 



00 j 

E|((^v)(/?+r7)) 

1=0 

((expci?)/) 



T=0 



T=0 



I/J+T7 



T=0 



T=0 

= ((expcD)/)| 



(2.3) 



Proposition 2.2. Let : C" — > C"' be a polynomial map of degree d and 
Ai £ C for all i, such that X^iG/ ¥^ ^ nonempty I C {1, 2, . . . , d — 1}. 

ylssMme /3,7 G C" swc/i i/iaf 7 7^ 0. // every sum of d—1 directional derivatives 
of Flp+c-y along 7 is nonzero (Xi ~ 1 /or all i below), or more generally, 

d-l 

for all a, e {f3 + fij \ e C}, then ^ F{P + 7). 

Proof Set D := ^Li 7. a|- and P(r) ( Eti' X^)T-Hexp{T)-l). By (gSD, 



^ A, • + 7) - F,(/3)) = E ^0 • (( ^^P(^) - 



i=l 



= {DP{D)Fj)\ = {P{D){DF,))\ 



for all j. Choose as in Lemma [2.11 for all i. From the definition of D and 
with c = and / = DF, , 



d-l 



A. • (:7F,)|/3+..7 • 7 = E ^^iDF,){p + ra) 
=1 

. d-l 

Y,^^^Mr^D){DFJ) 



follows for all j. Since P{T) - Aj exp(r,T) is divisible by and DFj has 

degree at most d — 1 , we have 

d-l 

P{D){DF,) = ^ A,exp(r,i?)(i?F,) 
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for all j. By substituting x = (3 on both sides, we obtain 

^ i=l ^ 1=1 

for all j, which gives the desired result. □ 

Corollary 2.3. Let F : C" — > C™ be a polynomial map of degree d and Xi £ C 
for all i, such that J2iei *-* f'^^ nonempty I C {l,2,...,(i— 1}. // 

^^(SiLi^ \ {J^ P)\ai) = n for all ai G C", then F is injective. 

If additionally n = m, then F is an invertible polynomial map. 

Proof. Assume F{/3) — F{j3 + 7) for some /3,7 G C" By Proposition 12.21 there 
are ai G C" such that 

E^^-(^^)u. -7 = 

and in particular rk ( X]f=i ' (>^^)|ai) 7^ 

If n = m, then a special case of the Cynk-Rusek Theorem in [B] (see also [Ol 
Lemma 3] and [S]) tells us that F is an invertible polynomial map in case it is 
injective, which is the case here. □ 

Remark 2.4. When d = 2 or d = 3, CoroUarv 12.31 gives a result of Wang [T^ 
Theorem 1.2.2] and one of Yagzhev [T31 Theorem l(ii)], respectively. Corollary 
Oalso generalizes [iTJ Theorem 2.2.1, Corollary 2.2.2]. 

Remark 2.5. Now you might think that for Theorem 12.21 the condition that 
there are d — 1 coUincar a^'s with the additive property therein is weaker than 
a similar property for s a^'s, where s G N is arbitrary. This is however not the 
case. 

Theorem 2.6. Let F : C" — > C™ he a polynomial map of degree < d and 
/3,7 G C". Then the following statements are equivalent. 

(1) There exists Ai, A2, . . . , \d-i <= C satisfying J^i^i 7^ ^ f'^''" "-^^ nonempty 
/ C {1, 2, . . . , d — 1}, such that 

d-l 

i=l 

for a-i G {/? + /i7 I /i G C}. 

(2) F\p^c^ is linearly rectifiable (in particular injective), i.e. there exists a 
vector V G C" such that 

m , 

J2^r^{PAl3 + Tj)) = l (2.4) 
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(3) For all s G N, 

S 

i=l 

for all Ai G C such that Ai+A2 + - • ■+Xs 7^ 0, and all ai G {/?+/i7 | /i G C}. 

Proof. Since (3) (1) is trivial, only two implications remain. 

(2) ^ (3) Assume that (2) is satisfied. Take s G N, Ai,A2,...,As G C such 
that Ai + A2 + • • • + As ^ 0, and a; G {/? + /i7 | ^ G C}. Each ai is of the 
form ai = /3 + rij for some G C. By the chain rule, 

i=l ' i=\ ^J=l ' 

s , m , V 

s s 

which gives (3). 

(1) (2) Assume that (2) does not hold. We will derive a contradiction by 
showing that (1) does not hold either. 

Since deg-^ -^Fj{P + Tj) < d~ 1 for all j, the C-space U that is generated 

by 

+ 77), ^F^iP + T7), . . . , ^F„,i/3 + T7) 

has dimension s < d — 1, for 1 ^ U . Take a basis of U of monic mi, U2, . . . , 
Us G C[r] such that < degui < degU2 < • • • < degu,, < d. Write Uji 
for the coefficient of of Uj. 



Next, define for i = 0, 1, . . . , d — 1 as follows. 



^ Y^\=oPkU]k if has degree i. 



Ai + A2 + • • • + Ad-i if no Uj has degree i, 

Set P := Y1=\ and choose ri as in Lemma [2. II for all i. Looking at 

the term expansion of Uj , we see that 

d\., + r^l 



fe=o 1=0 



whence for i = deg u 



i-1 



T=0 



'^PkUjk = Pi + '^PkU;jk = 

fe=0 A:=0 
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and similarly for each i 



cxp 



T=0 



E 

fc=0 



3 \ t= 



follow for all j. 

By Lemma P — X]f=i exp(riT) is divisible by T'^. Since deg itj < d 
for all j, 



Vdr/ 



T=0 



d-1 

E- 

j=i 



T=0 



Ea 



.^U 



■3 \T=ri 



Since ^Fj(/3 + r7) is a 
we have 



-linear combination of ui, U2, . . . , Us for all j, 



i=l 
d-1 

E- 

1=1 

d-1 

E 

■i=i 



T=ri 



which is a contradiction. 



□ 



Remark 2.7. For the map F — {Xi + {X2+ , X2 + Xf ) , only images of lines 
parallel to the X2-axis are linearly rectifiable. But all images of lines are linearly 
rectifiablc when F={Xi + {X2 +Xl)^- {X3 + Xl)^,X2+ X^ X3 + X^) or any 
other invertiblc cubic map over C. This follows from the proposition below. 

Proposition 2.8. Let : C" — > C™ be a polynomial map of degree < 3, and 
/3,7 € C" such that 7 7^ 0. // F|^-|-C7 is injective and {JF)\x=a • 7 7^ for 
all a G {/? + fij I ji e C}, then _F'|^+C7 linearly rectifiable, i.e. there exists a 
V e C™ such that (TO) holds. 



Proof. Assume Flp^cy is not linearly rectifiable. Then there exist monic ui,U2 G 
C[r] such that degWi = i and for all j, -^Fj^S + T^) is linearly dependent over 
C of ui and U2. If the constant term uiq of ui is nonzero, then uio will be- 
come zero after replacing /3 by /? — uio7 ^-^d adapting ui and U2 accordingly. 
So assume mio = and let U20 be the constant term of U2. By taking the 
integral of ui and U2 from T = — \/— 3u20 to T = +^/—3u2o, we see that 
F(f3 — -y/— 3^207) = F{l3 + V~3u2o7), thus either .Fj^+c-y is not injective or 
U20 = 0. If U20 = 0, then {J'F)\x=p -7 = because both ui and U2 are divisible 
by T. This completes the proof of Proposition 12.81 □ 
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Corollary 2.9. Assume F : C" — ^ C" is a polynomial map of degree < 3 
which safisfies the Keller condition det J^F G C* . Then F is invertible, if and 
only if F\l is linearly rectifiable for every affine line L C C", if and only if 
{{JF)\c. + iJF)\p){a - /3) 7^ for all a, /3 e C" with a^(i. 

Proof. By ProDOsition l2.8[ F is invertible, if and only if F\l is linearly rectifiable 
for every affine line L C C". By Proposition 12.61 the latter is equivalent to 
{{JF)\a + {JF)\p){a - ^) 7^ for afi a,^ G C" with a 7^ /3, as desired. □ 

Remark 2.10. Notice that in the proof of Lemma [2.11 we solve d — 1 cc^uations 
in d — 1 variables to obtain ri, r2, . . . , rd-i- In case Ai = A2 = • • ■ = Arf_i, it 
suffices to solve only one equation in only one variable to obtain ri, r2, . . . , rd-i- 

Lemma \2.1\ Let P G C[[T]] with constant term d—1. Then there are ri,r2, . . . , 
rd-i G C, which are roots of a polynomial whose coefficients are polynomials in 
those of P, such that 

d-l 

is divisible by T'^, where exp(T) = J^JLo JT^"' - 
Proof. Write 

00 

P = Y.ElT^ 

j=o ■'' 

Then we must find a solution (Fi, I2, • • • , Yd-i) = {ri,r2, ■ . ■ , rd~i) of 

J2y'=pj = 0,1,..., d-l) 

i=l 

By Newton's identities for symmetric polynomials, there exist a polynomial 
/ G C[T][Xi,X2,...,Xd-i] which is injective as a function of C^-^ to C[T], 
such that 

(d-l d-l d-l \ d-l 

2=1 i=l i=l / i=l 

Notice that g := f{pi, • • • ,Pd-i) is a monic polynomial of degree d — 1 in T. 
Hence we can decompose g as 

d-l /d-l d-l d-l 

9-iiiT+n)^f[j:r.,j:-i---^j:-f 

i—1 \2=1 i—1 i—1 

and the injectivity of / gives the desired result. □ 
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3 Additive properties of the Jacobian determi- 
nant 

Proposition 3.1. Let F : C" — > C" be a quadratic polynomial map such that 
det JF eC. Then for all s e N, 

det('^5,;-(^F)U^') =det ('^b, -^f") = (E^^ ''^''^'^^ 

^ 1=1 ^ ^ i=l ' ^ i=l ' 

for all Q!i, a2, . . . , Q!s £ C" and all 6i, 62, ... , &s £ C. 
Proof. Since the entries of JF are afRnely linear, we have 



for all ai, a2, . . . , € C" and all 61, &2, . . . , &s S C, in case a :— J2i=i bi 7^ 0. 
Taking determinants on both sides, it follows from det JF G C that 

det (^b,- {JF)\c,^^ = dct((T • JF) = a" ■ det JF 
^ 1=1 ^ 

when (T 7^ 0, and by continuity also in case ct = 0, as desired. □ 

Lemma 3.2. Assume f G C[X] has degree < d. If f vanishes on the set 
S -.^{aeW \ai+a2-\ h a„ < d}, then / = 0. 

Proof Write / = {f\x„=o)+Xn-{g\x„=x„-i)- By induction on n, (/|x„=o) = 0. 
Furthermore, if a G 5 and a„ > 1, then 

51(01,02, . . . ,o„_i,a„ - 1) (g\x„=x„-i){a) = = 

an 

thus by induction on d, g — 0. Hence / = as well. □ 

Corollary 3.3. Let f E C[X] be a polynomial of degree < d. If f{a) ~ for 
all a G N" such that X^iLi '^i ~ then X^iLi ^ d, \ f ■ V additionally f is 
homogeneous, then f — 0- 

Proof. If we substitute Xn = d — '^"^i Xi in /, then we get a polynomial 



of degree < d which is zero on account of Lemma 13.21 Hence X„ = d — 
Y^lZi is a zero of / G C(Xi, X2, . . . , X„_i)[X„] and / is divisible over 
C(Xi,X2, . . . ,Xn-i) by X]"=i ~ d- By Gauss' Lemma, / is divisible over 
C[X] by X]r=i ~ '^j which is only homogeneous if d = 0. Hence / = when 
/ is homogeneous. □ 
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Lemma 3.4. Let : C" — C™ be a polynomial map and P : Mat„i^„(C) C 
be a polynomial of degree < d in the entries of its input matrix. Fix fi £ C and 
assume that 



for all ai,a2, ■ ■ ■ ,ad € C". Then for all s G N 

• {JF)U] = /i = PidJF) 

/or all ai,a2, ■ ■ ■ ,c^s G C" anrf all bi,b2, ■ ■ ■ ,hs G C suc/i i/iai ^« = 

// additionally P is homogeneous, then 

^ i=i ' ^ i=i ' ^ i=i ^ 

/or all Q!i, a2, . . . , G C" and all 61, 62, ■ • ■ , &s G C. 
Proof. Since ^'(X]f=i(^^)Ui) = is constant, 



^ i=i ^ 



for all ai G C". Take ai, a2, . . . , as € C" and let 



Then deg/(yi, 1^2, . . . ,Ys) < and for all 6 G such that Y.\=\ ^» = d, we 
have 

\ 1=1 i=l ^ 

By CoroUarylH Y:\=x y^-d\ /(Fi, ^2, . . . , - M, whence 

p{Y^h-{JF% 



for all 5 G C such that X)i=i — d. This gives the first assertion of Lemma 



10 



Assume P is homogeneous. Then 

dcRP 



, s ^ / s V dog P 



^ 1 = 1 ' ^ 4=1 ' 

is homogeneous as weh. Since g vanishes on h for aU h such that X]i=i = 
d, wc obtain from CoroUarv l3.3l that g = 0, which completes the proof of Lemma 

[m □ 

Theorem 3.5. Let m > n and F : C" — > C" be a polynomial map such that 
for a fixed /x G C, we have 



for all ai, a2, . . . , am G C". Then /i det(mi7i^) ~ m" det(j7'-F) bkc? /or all 

s e N 

det('^5,.(Ji^)U,) = ("l^fe,) det(JF) 



m 

1=1 ' ^ 1=1 



for all ai,a2, ■ ■ ■ ,as G C" ami all bi,b2, ■ ■ . ,bs G C. Furthermore, F is an 
invertible polynomial map in case detJ^F ^ 0. 

Proof. To obtain the first assertion, take P = det, d ^ m and m = n in Lemma 
13.41 By taking s = deg — 1 and fe^ = 1 for all i in this assertion, it follows from 
Corollary 12.31 that F is an invertible polynomial map in case det J^i^ 7^ 0. □ 

Theorem 3.6. Assume H : C" — > C" is a polynomial map and define 

M(ai, aa, iJH)\^, + {JH)\^, + ■■■ + {JH)\a,^ 

If for some m > d, the sum of the principal minors of size d of M (ai, 02, ... , ctm) 
is zero for all € C", then for all s G the sum of the principal minors of 
size d of 

bi ■ {JH)U, + 62 • (^-ff)|a. +--- + bs- {JH)U, (3.1) 

is zero as well, for all bi G C and all G C". If for some m > d, the trace of 
M{ai, a2, . ■ . , oim)'^ is zero for all ai G C", then for all s G N, the trace of the 
d-the power of h3.1\) is zero as well, for all bi G C and all ai G C". 



Proof. Take for P the sum of the principal minors of size m or the trace of 
the m-th power, respectively. By Lemma 13. 4[ P( p.ip ) is divisible by /z := 
P{mJH) ^ P{M{ai,a2, . . . ,am)) = 0- □ 
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Remark 3.7. Let F = X + H such that the Jacobian matrix J'H is additive- 
nilpotent. Then for all m e N, J2T=liJ'P)\a^ is invertible for all a, G C". We 
shall show below that the converse holds when H does not have linear terms. 
But the converse is not true in general. For example, let F{X) = X + H, where 
H = {-Xi + X2, X1-X2+ Xl). Then 

^^=("1' 2x'-l) ^^-(! 2X2 

such that JH is not even nilpotent and X]i=i(>^-^)|ai is invertible for all 

Proposition 3.8. Assume F : C" — > C" is a polynomial map of the form 
F = L + H , such that L is invertible and dcgL = 1. Then for all s G N, all 
hi G C, and all ai G C", the following statements are equivalent to each other. 

(1) For all fi CzC, we have 

dot U-JL + Y,h- {JF)\^\ = U + i2 ^0 ■ dctC^i) 
^ i=i ' ^ i=i ' 

(^) Ej=i ■ {J{L~^ ° -^)) L nilpotent. 
Proof. Assume (1). Since the equality of (1) holds for all G C, we obtain 



1=1 



det [T-JL + Y,^,- {JF)\^^ ) = ( ^ + H ^0 ■ det(Ji^) 
which is equivalent to 

^(^^{{t ■ JL + Y, b^ ■ iJL + JH)\„^ ) = T" • det(^i) 



and 

det (r-JL + J^bz- iJH)Uj = • det{JL) 
^ i=i ' 

By dividing both sides by dct(J'L), we obtain 

det {T + Y.^,-{JLr^ ■{JH)\^\ =r" 

^ 'i=i ' 

which implies (2). The converse is similar. □ 

Let F = X + H such that JH is additivc-nilpotent. Then ^"^i{JF)\ai is 
invertible for all ai G C" and all positive integers m, where F = Li o F o L2 for 
invertible linear maps Li and L2. We next prove that the converse holds. 
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Theorem 3.9. For a polynomial map F : C" — )■ C" the following statements 
are equivalent. 

(1) 'Yll=i{'^ -^)\ai is invertible for all ai G C"; 

(2) F = L o [X + H), where H has no linear terms, the linear part L of F is 
invertible and JFl is additive-nilpotent; 

(3) F = {X + H) o L, where H has no linear terms, the linear part L of F is 
invertible and is additive-nilpotent; 

(4) F = Lio [X + H) o L2, where Li and L2 are invertible maps of degree one 
and SfH is additive-nilpotent. 

Proof. Since (3) (4) is trivial, the following three implications remain to be 
proved. 

(4) =^ (1) Assume (4). Since JH is additive-nilpotent, (1) holds with X -\- H 
instead of F. Since (1) is not affected by compositions with translations 
and invertible linear maps, and F can be obtained from X + H that 
manner, (1) follows. 

(1) =^ (2) Assume (1). By the fundamental theorem of algebra, the determi- 

nant of X)"=i(»^-^)lcti ^ nonzero constant which does not depend on 
ai, a2, . . . , ttn- Let L be the linear part of F . By theorem 13.51 wc ob- 
tain that det J^F = dct(J^i^)|o = det J^i and that (1) of proposition [3;S] 
holds for all s G N, all bi G C, and all ai G C". Hence the Jacobian of 
H ;= L^^ o [F — L) is additive-nilpotent on account of proposition 13.81 
which gives the desired result. 

(2) ^ (3) This follows from the fact that F = L o {X + H) = {X + {L o H o 

L^^)) o L and the Jacobian oi L o H o L^^ is also additive-nilpotent. □ 

Remark 3.10. A polynomial map F = (Fi,...,F„) is called triangular if its 
Jacobian matrix is triangular, i.e. either above or below the main diagonal, all 
entries of J'F are zero. The Jacobian matrix J^F of a triangular invertible 
polynomial map F can only have nonzero constants on the main diagonal, and 
thus for all invertible linear maps Li and L2, {J^i^i o F o L2))\ai is 

invertible for all ai G C". However, a polynomial map satisfying the conditions 
of Theorem 13.91 is not necessarily a composition of a triangular map and two 
linear maps. Indeed, in |10| . it was shown that in dimension 5 and up, Keller 
maps X-\-H with H quadratic homogeneous do not necessarily have the property 
that J'H is strongly nilpotcnt. But on account of Proposition 13.11 such maps 
satisfy property (1) of Theorem 13.91 

In [3] , all those maps such that JH is not strongly nilpotcnt are determined 
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in dimension 5. H is either of the form 



H ^L- 





X2X4 
X1X4 



( 



+ 



p{Xi,X2) 

q{Xi,X2) 
V r{X,,X2 



) / 



oL 



where A € {0, 1}, L is linear and p,q,r Cz C[xi, X2], or of the form 



H = L- 



( 



V 





XiXz 
X1X4 
2X2X3 — XiXr, 



XI 



\ 



I 



( 





\2X\ 

\zXl 
\i^X^ 



\ 



\ ^^oXt J 



oL 



where L is Hnear and \i € C. One can show that in both cases, the columns 
of o H o L~^) are linearly independent over C, something that cannot be 
counteracted with compositions with invertible linear maps. Hence the columns 
of J^{Li o H o L2) are linearly independent over C for all invertible maps Li. 
J[Li oH o L2) is exactly the linear part of J{Li o Fo L2), thus o F o L2) 

can only be triangular if its main diagonal is not constant on one of its ends. 
This is however not possible since Li o F o L2 is invertible. 
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